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Deviations from Einstein's theory of gravity, general relativity (GR), appear in virtually all attempts to introduce quantum corrections to gravity \[[@CR1]--[@CR8]\] (for recent overviews of GR and the challenges it faces, see, e.g., \[[@CR9]--[@CR11]\]). In addition to these deviations (in the form of extra fields, higher order terms in the field equations, and non-minimal couplings to the curvature), compelling motivation to investigate alternatives to GR comes from the 1998 discovery that the current expansion of the universe is accelerated. Within the standard $\documentclass[12pt]{minimal}
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                \begin{document}$$\varLambda $$\end{document}$CDM) model of cosmology based on GR, one needs to introduce a completely ad hoc dark energy with a very exotic equation of state to explain the cosmic acceleration \[[@CR12]\]. A popular alternative to dark energy consists of modifying gravity at large scales. Many modifications of GR have been proposed, the most studied being *f*(*R*) gravity \[[@CR13], [@CR14]\]. This is a class of theories in which the Einstein--Hilbert Lagrangian density *R* (the Ricci scalar of spacetime) is promoted to a non-linear function *f*(*R*). It turns out \[[@CR15]--[@CR17]\] that this class of theories reduces to a Brans--Dicke theory with Brans--Dicke scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\phi )=Rf'(R)-f(R)\big |_{R=R(\phi )}$$\end{document}$ (see Refs. \[[@CR15]--[@CR17]\] for reviews and \[[@CR18]\] for extensions of *f*(*R*) gravity).

Brans--Dicke theory, originally introduced in Refs. \[[@CR19]--[@CR21]\] to account for Mach's principle, has been generalized to the wider class of scalar--tensor theories \[[@CR22]--[@CR24]\] described by the action (we follow the notation of Ref. \[[@CR25]\] and use units in which Newton's constant *G* and the speed of light *c* are unity)$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S_\mathrm{ST}= & {} \frac{1}{16\pi } \int d^4 x \sqrt{-g} \left[ \phi R -\frac{\omega (\phi )}{\phi } \, \nabla ^c\phi \nabla _c\phi -V(\phi ) \right] \nonumber \\&+S^\mathrm{(m)} \,, \end{aligned}$$\end{document}$$where the Brans--Dicke scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ corresponds approximately to the inverse of the gravitational coupling strength $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ is the Brans--Dicke coupling, and $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\phi ) $$\end{document}$ is a potential for $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$, which gives a range to this field. $\documentclass[12pt]{minimal}
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                \begin{document}$$S^\mathrm{(m)}$$\end{document}$ is the matter action. Besides containing the cosmologically motivated class of *f*(*R*) theories, scalar--tensor gravity, which adds only a (massive) scalar degree of freedom $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi \simeq G_\mathrm{eff}^{-1}$$\end{document}$ to the massless spin two graviton of GR, constitutes a minimal modification of GR and is the prototype of the alternative theory of gravity \[[@CR26]--[@CR28]\]. The field equations are \[[@CR21]--[@CR24]\]$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$R_{ab}$$\end{document}$ is the Ricci tensor and $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla _a $$\end{document}$ is the covariant derivative of the spacetime metric $\documentclass[12pt]{minimal}
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                \begin{document}$$ T^\mathrm{(m)} \equiv g^{cd}T_{cd}^\mathrm{(m)} $$\end{document}$ is the trace of the matter energy-momentum tensor $\documentclass[12pt]{minimal}
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                \begin{document}$$T_{ab}^\mathrm{(m)}=-\frac{2}{\sqrt{-g}} \, \frac{\delta S^\mathrm{(m)}}{\delta g^{ab}} $$\end{document}$.

Scalar--tensor gravity in the Jordan frame $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( g_{ab}, \phi \right) $$\end{document}$, can be reformulated in the Einstein conformal frame $\documentclass[12pt]{minimal}
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                \begin{document}$$( \tilde{g}_{ab}, \tilde{\phi } )$$\end{document}$ as follows \[[@CR21]\]. Perform the conformal transformation of the metric tensor$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_{ab} \rightarrow \tilde{g}_{ab} \equiv \phi \, g_{ab} \,, \end{aligned}$$\end{document}$$and the scalar field redefinition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} d\tilde{\phi } = \sqrt{ \frac{|2\omega +3|}{16\pi }} \, \frac{d\phi }{\phi } . \end{aligned}$$\end{document}$$Since we restrict ourselves to Brans--Dicke theory with constant $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$, we have the non-linear scalar field redefinition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \phi \rightarrow \tilde{\phi }=\sqrt{\frac{|2\omega +3|}{16 \pi }} \, \ln \left( \frac{\phi }{\phi _0}\right) \,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _0$$\end{document}$ is an integration constant and $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \ne -3/2$$\end{document}$. Both $\documentclass[12pt]{minimal}
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                \begin{document}$$g_{ab}$$\end{document}$ depend on the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$, therefore the Einstein frame metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_{ab}$$\end{document}$ in general depends on the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ (the same is true, in general, for the Einstein frame scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\phi }$$\end{document}$).

Using the Einstein frame variables $\documentclass[12pt]{minimal}
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                \begin{document}$$( \tilde{g}_{ab}, \tilde{\phi })$$\end{document}$, the Brans--Dicke action ([1](#Equ1){ref-type=""}) (with $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =$$\end{document}$ const.) is rewritten as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} S_\mathrm{BD} = \int d^4x\sqrt{-\tilde{g}}\left[ \frac{\tilde{R }}{16 \pi }-\frac{1}{2} \, \tilde{g}^{ab}\nabla _a\tilde{\phi } \nabla _b\tilde{\phi } -U(\tilde{\phi }) + \frac{\mathcal{L}^\mathrm{(m)}}{\phi ^2(\tilde{\phi }) } \right] \,, \nonumber \\ \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} U (\tilde{\phi }) = \left. \frac{V(\phi )}{16\pi \phi ^2}\right| _{\phi =\phi ( \tilde{\phi }) } \,, \end{aligned}$$\end{document}$$where we denote Einstein frame quantities with a tilde. Formally, this is the Einstein--Hilbert action of GR with a matter scalar field with canonical kinetic energy density, but this scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\phi }$$\end{document}$ now couples non-minimally to matter. In the Einstein frame, the Brans--Dicke field equations become$$\documentclass[12pt]{minimal}
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                \begin{document}$$T_{ab}^\mathrm{(m)}=0$$\end{document}$. The explicit coupling between Einstein frame scalar $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\phi }$$\end{document}$ and matter then disappears and the Einstein frame action ([7](#Equ7){ref-type=""}) is formally the Einstein--Hilbert action and the Einstein frame pair $\documentclass[12pt]{minimal}
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                \begin{document}$$( \tilde{g}_{ab}, \tilde{\phi } )$$\end{document}$ is formally a scalar field solution of the Einstein equations even though it has been generated by the original Jordan frame spacetime $\documentclass[12pt]{minimal}
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                \begin{document}$$\left( g_{ab}, \phi \right) $$\end{document}$.
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In practice, Brans--Dicke theory with $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega =$$\end{document}$ const. is used to approximate all scalar--tensor theories in experimental tests of gravity in the weak field regime \[[@CR26]--[@CR28]\] (this situation can be different in strong gravity when scalarization is involved, but we are not concerned with this type of situation here). It is clear that Brans--Dicke gravity reduces to GR if $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ becomes constant. Precisely, the GR limit of Brans--Dicke gravity is understood as the limit in which Brans--Dicke gravity coupled to matter reduces to GR sourced by the same type of matter.
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                \begin{document}$$\phi $$\end{document}$ does so in the limit $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ is standard textbook material (e.g., \[[@CR29]\]). However, the asymptotics of $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ in this limit are important. While in most cases these asymptotics are $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi =\phi _{\infty }+\mathcal {O}( 1/\omega )$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{\infty }$$\end{document}$ is a constant \[[@CR29]\], many analytic solutions of the Brans--Dicke field equations have been discovered over the years for which $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi =\phi _{\infty }+\mathcal {O}( 1/\sqrt{|\omega |})$$\end{document}$, which do not go over to the corresponding GR solutions with the same form of matter \[[@CR30]--[@CR37]\].[1](#Fn1){ref-type="fn"} Far from being limited to a few maverick solutions, this problem has later been shown to affect the entire electrovacuum ( i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$T^\mathrm{(m)}=0$$\end{document}$) *theory* \[[@CR43]\] and a formal explanation has been given for this "anomalous" behaviour \[[@CR43]--[@CR45]\].

Deviations from GR are well constrained experimentally in the Solar System, where gravity is weak, and to some extent also outside of it \[[@CR26]--[@CR28], [@CR46], [@CR47]\]. Assuming the Brans--Dicke field to be long-ranged, the best limits on scalar--tensor gravity arise from the Cassini probe and are $\documentclass[12pt]{minimal}
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                \begin{document}$$|\omega |> 40{,}000$$\end{document}$ \[[@CR48]\]. In general, experiments provide a lower bound on $\documentclass[12pt]{minimal}
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                \begin{document}$$|\omega |$$\end{document}$, constraining this parameter to be large (unless $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ becomes so massive and short-ranged to escape this limit, as in viable *f*(*R*) models \[[@CR15]--[@CR17]\]).

The Solar System experiments probe gravity in vacuo, the situation in which the $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ limit is anomalous. Therefore, how can experiments constraining the deviations from GR in the field of the Sun and forcing $\documentclass[12pt]{minimal}
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                \begin{document}$$|\omega |$$\end{document}$ to be large, apply to a theory that does not reduce to GR in this limit? Can the parametrized post-Newtonian (PPN) approximation, which constitutes the basis for analyzing these experiments \[[@CR26]--[@CR28], [@CR49]--[@CR51]\], still discriminate between GR and Brans--Dicke gravity in the large $\documentclass[12pt]{minimal}
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This question is crucially important for experimental tests of scalar--tensor gravity, but it has not been posed in the literature thus far. Here we provide an answer: the exact (strong gravity) electrovacuum theory definitely does not reduce to GR as $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$. In this limit, a (canonical, minimally coupled) scalar field survives in the limit of the field equations and acts as a matter source \[[@CR52], [@CR53]\]. However, the PPN analysis is limited to the weak field expansion of these field equations and, in this regime, the offending terms disappear from these equations, in which the dominant terms introduced by the scalar degree of freedom $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ conform, instead, to the usual PPN analysis. This simplification occurs only to first order in the deviations of the metric and Brans--Dicke scalar from the Minkowski background, and are bound to reappear to second order and, of course, in any exact (strong gravity) electrovacuum solution of the theory. This fact is of interest for future experiments testing light deflection and Shapiro time delay to second order \[[@CR54]--[@CR57]\].

Now to the technical details. It is clear that, if the Brans--Dicke scalar becomes constant, Brans--Dicke gravity reduces to GR and therefore one should recover $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$. The rate at which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ approaches a constant is important. The gradient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nabla \phi $$\end{document}$ decays as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\omega |$$\end{document}$ becomes larger,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \nabla _a \phi = \phi _0 \sqrt{\frac{16\pi }{|2\omega +3|}} \, \, \exp \left( \sqrt{\frac{16\pi }{|2\omega +3|}} \,\tilde{\phi } \right) \, \tilde{\nabla }_a \tilde{\phi } . \end{aligned}$$\end{document}$$Consider the Jordan frame field equations and, in particular, the term which appears in their right hand side$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{ab} \equiv \frac{\omega }{\phi ^2} \left( \nabla _a \phi \nabla _b \phi -\frac{1}{2} \, g_{ab} \, \nabla ^c \phi \nabla _c \phi \right) . \end{aligned}$$\end{document}$$In the literature, the failure of Jordan frame Brans--Dicke theory to reproduce the expected GR limit (which corresponds to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi =$$\end{document}$ const. and to the vanishing of the right hand side of the vacuum field equations) has been reognized to follow from the fact that, when the asymptotics is given by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi =\phi _{\infty }+\mathcal {O}( 1/\sqrt{|\omega |})$$\end{document}$, the tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{ab}$$\end{document}$ does not vanish in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ limit but remains of order unity \[[@CR30]--[@CR36], [@CR43]\]. It is easy to see that, when Eq. ([11](#Equ11){ref-type=""}) is true, the tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{ab}$$\end{document}$ reads$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{ab}= & {} \frac{\omega }{\phi ^2} \, \phi _0^2 \, \text{ e }^{ 2\sqrt{\frac{16\pi }{|2\omega +3|}} \,\tilde{\phi } } \frac{16\pi }{|2\omega +3|} \Big ( \nabla _a \tilde{\phi } \nabla _b \tilde{\phi } \nonumber \\&-\frac{1}{2} \, g_{ab} g^{cd} \, \nabla _c \tilde{\phi } \nabla _d \tilde{\phi } \Big ) \end{aligned}$$\end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}= & {} 16 \pi \, \text{ sign } (\omega ) \left| \frac{\omega }{2\omega +3} \right| \left( \frac{\phi _0}{\phi } \right) ^2 \, \text{ e }^{ 2\sqrt{ \frac{16\pi }{ |2\omega +3|} } } \Big ( \nabla _a\tilde{\phi } \nabla _b \tilde{\phi } \nonumber \\&-\frac{1}{2} \, \frac{\tilde{g}_{ab} }{\phi } \, \phi \, \tilde{g}^{cd} \nabla _c \tilde{\phi } \nabla _d \tilde{\phi } \Big ) \end{aligned}$$\end{document}$$for all values of the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$. Now, in the limit $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi \rightarrow \phi _0$$\end{document}$, one obtains$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A_{ab} \rightarrow A_{ab}^{(\infty )} = 8\pi \, \text{ sign }(\omega ) \left( \tilde{\nabla }_a \tilde{\phi } \tilde{\nabla }_b \tilde{\phi } -\frac{1}{2} \, \tilde{g}_{ab} \, \tilde{g}^{cd} \, \tilde{\nabla }_c \tilde{\phi } \tilde{\nabla }_d \tilde{\phi } \right) .\nonumber \\ \end{aligned}$$\end{document}$$The Einstein frame metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_{ab}^{(\infty )}$$\end{document}$ solves the Einstein equations with the scalar field $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\phi }$$\end{document}$ as the only matter source. This field has canonical stress--energy tensor $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{ab}^{(\infty )}$$\end{document}$, which is obtained as the limit of the *Jordan frame* stress--energy tensor, as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left. 8\pi \tilde{T}_{ab}[\tilde{\phi }] \right| _{\text{ Einstein } \text{ frame }} = \left. A_{ab}^{(\infty )} \right| _{\text{ Jordan } \text{ frame } \text{ limit }} \end{aligned}$$\end{document}$$For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega >0$$\end{document}$, this Einstein frame scalar couples minimally to the curvature and has canonical kinetic energy density. One obtains the same metric tensor by considering two candidates for a GR limit of Brans--Dicke theory: the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ limit of the Einstein frame metric and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ limit of the Jordan frame metric, which coincide apart from an irrelevant positive multiplicative constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _{\infty }$$\end{document}$. However, this metric $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_{ab}^{(\infty )}=g_{ab}^{(\infty )}$$\end{document}$ obtained with these two different methods is not a solution of the vacuum Einstein equations (this would require instead $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A_{ab}^{(\infty )}$$\end{document}$ to vanish identically). Instead, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{g}_{ab}^{(\infty )}=g_{ab}^{(\infty )}$$\end{document}$ solves the coupled Einstein--Klein--Gordon equations and, therefore, vacuum Brans--Dicke theory does not reproduce vacuum GR in the limit, as it should be for a correct "limit to GR".

PPN analysis and Brans--Dicke anomaly {#Sec3}
=====================================
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$, Eq. ([17](#Equ17){ref-type=""}) reduces to the Fisher--Janis--Newman--Winicour--Buchdahl--Wyman metric in the limit, which is known to be the general static, spherical, asymptotically flat solution of the Einstein field equations sourced by a free scalar field $\documentclass[12pt]{minimal}
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It is then interesting to see how the PPN analysis of scalar--tensor theories is affected by this anomalous behavior. Using the wisdom coming from the general static, spherical, asymptotically flat non-black-hole class of solutions of *vacuum* Brans--Dicke gravity one can show that, whilst the equivalence of the two limits is not affected at the first post-Newtonian order, an effective scalar field stress--energy tensor survives at the next-to-leading order in the $\documentclass[12pt]{minimal}
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Let us now make more quantitative predictions using the line element ([17](#Equ17){ref-type=""}) as an example. First, in ([17](#Equ17){ref-type=""}) one identifies the areal radius$$\documentclass[12pt]{minimal}
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Conclusions {#Sec4}
===========

As a conclusion, the PPN analysis narrowly escapes the problem of the GR limit arising in the full theory. It is clear, however, that this problem will reappear as soon as second and higher order terms are included in the weak field expansion and, of course, in the full strong gravity regime. To second order, the PPN analysis of scalar--tensor gravity is in jeopardy. The divergence between PPN predictions and the $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega \rightarrow \infty $$\end{document}$ limit of Brans--Dicke theory will then be relevant. In particular, this divergence will become important in the experimental determination of light deflection by the gravitational field of the Sun to second order in the PPN expansion \[[@CR54]--[@CR57]\]. These deviations could be obtained, in principle, with high precision astrometry, in testing strong gravity effects with the Event Horizon Telescope \[[@CR65], [@CR66]\] and, potentially, in tests based on gravitational waves \[[@CR67]--[@CR72]\]. Such strong gravity effects, which look more promising for detecting scalar-tensor gravity effects or further constraining the theory, will be explored in future work.

Similar anomalies are occasionally reported for instances of Brans--Dicke solutions with non-conformal matter \[[@CR38]--[@CR42]\].

The last condition only holds for $\documentclass[12pt]{minimal}
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Note that for large values of *r* one has $\documentclass[12pt]{minimal}
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